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ON THE SPECTRA OF COMPACT NILMANIFOLDS
BY
JEFFREY S. FOX

ABSTRACT. We show the equivalence of the Howe-Richardson multiplicity formula
for compact nilmanifolds and the formula obtained by Corwin and Greenleaf using
the Selberg trace formula.

Introduction. Let G be a connected simply connected nilpotent Lie group and
suppose G contains a discrete cocompact subgroup T'. Let p = ind§(1). Then p is a
direct sum of irreducible representations each occurring with finite multiplicity; we
will write p = @ m(7)7. A basic problem in representation theory is to determine
m(a) and give a criterion for m() not to be zero. Moore first studied this problem
in [M] and later Howe [H] and Richardson [R] independently gave a closed formula
for m(w) that generalized the classical Frobenius reciprocity formula for finite
groups. Using the Poisson summation and Selberg trace formulas, Corwin and
Greenleaf [C-G] gave a formula for m (=) that depended only on the coadjoint orbit
in g* corresponding to = via Kirillov theory and the structure of I', but the
connection between the two formulas was not clear. In §1 we consider the case when
I' is a lattice subgroup of G, i.e. log(T') is an additive subgroup of the Lie algebra of
G, and show there is a simple relationship between the two. In §2 we show how
Frobenius reciprocity can be used to reduce the general case to the lattice subgroup
case.

Parts of this paper were in the author’s doctoral dissertation and it is a pleasure to
thank my advisor, Calvin Moore, for his support and guidance. I would also like to
thank Larry Corwin for some useful conversation.

1. Let G be a connected simply connected nilpotent Lie group. We denote the Lie
algebra of G by g and the dual of g by g*. Let exp: ¢ — G be the exponential map
and log: G — g its inverse. We let Ad be the adjoint action of G on g and Ad* the
coadjoint on g*. If # is an irreducible unitary representation we write O(«) C g* for
the coadjoint orbit associated to = via Kirillov theory. Let I' € G be a discrete
cocompact subgroup of G. If Q denotes the rational numbers, then I' determines a Q
structure on g by g, = span,{log(I')}. We say g € G is rational iff g = exp(X)
with X € g, and let G, denote the set of rational points. Given a subalgebra ) C g
we say b is rational if h N g, contains a basis of ) over R. This is equivalent to
exp(h) = H having H N T for a discrete cocompact subgroup. If f € g*, say, f is
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rational if f(g,) € Q. For a very complete and detailed discussion of this see [C-G].
One should also note that if one views G as an affine algebraic group, then the
existence of a cocompact I' is equivalent to G being defined over Q and the notion of
a rational point in the sense of algebraic groups is equivalent to the definition given
above.

For the rest of this section we suppose that A = log(I') is an additive subgroup of
g. Let A*t= {f€ g*|f(A) C Z}. Let 7 be an irreducible representation of G and
O C g* the coadjoint orbit corresponding to 7. According to [M], we have m(7) > 0
if and only if @ N A+ + @&, so we will suppose this intersection is nonempty. Since
O At is Ad*(T) invariant we can write it as a union of Ad(T") orbits. To each
such orbit & € @ N A+ one can associate a number C(£) as follows:

Let f€ Q and g(f) = { X € glad*(X)f = 0}. Then g(f) is a rational subalge-
bra, so the Z-rank of g(f) N A is equal to dim(g( f)). Choose a Z-basis X|,..., X,
of A (consequently it is an R basis for g) such that X,,..., X, span g(f) over R. Let
A, be the matrix with entries f([ X,, X;]), s < i, j < n. Then |det(A4,)]| is independent
of the basis satisfying the above conditions and depends only on the I' orbit of fin
0N A+ Set C(Q) = |det(A,)|""/* Then C(Q) is a positive rational number. The
multiplicity formula of Corwin and Greenleaf can be written as

m(m) = > c(Q).

Qeon At /JAdH(T)

For details see [C-G].

We now describe the Howe-Richardson formula for m(wx). If m(7w) > O there
exists a rational element f € O(7), fix such an element f. Let i) C g be a rational
polarization for f and H = exp(})) the connected subgroup of G with Lie algebra b.
For t € H let x,(b) = exp(2mif(log(}))). Then x, is a character of H and = is
equivalent to ind{,(x,). Let X = {(Ad(g)b.Ad*(g)f)|g € G} and define an equiv-
alence relation on X by (Ad(g)bh,Ad*(g)f) ~ (Ad(g,)h,Ad*(g,)f) iff Ad(g)b =
Ad(g,)b and Ad*(8)f]|agg)s = Ad*(81)f | agceyo- Let C(b, f) denote the set of
equivalence classes. Define L(b, f) € C(b, f) by (Ad(g)h,Ad*(g)f) € L(b, f) iff
Ad(g)b is a rational subalgebra of g and X ag«(g)/| s~ v+ = 1. There is a natural
action of I' on L(b, f) by

y-(Ad(g)b,Ad*(g)f) = (Ad(vg)b,Ad*(vg)f)

and the number of T orbits in L(b, f) is the multiplicity m(=). In what follows we
will assume that b and f have been chosen such that b is rational and x /|, = 1.
Suppose XAd*(g)f|gug-'nr = 1. Then Ad*(g)f(Ad(g)b N A) C Z: thus we can
find ¢ € (Ad(g)h)* such that Ad*(g)f + ¢ € A*. From Ad*(gHg ") (Ad*(g)f)
= Ad*(g)f + (Ad(g)h)* we have Ad*(g)f + ¢ = Ad*(y)(Ad*(g)[) = Ad*(yg)f
for some y € gHg™'. Since (Ad(g)b, Ad*(g)f) is equivalent to
(Ad(yg)b,Ad*(yg)f) we have that every equivalence class in L(}, f) has a
representative (Ad(g)b, Ad*(g)f) such that Ad*(g)f € A+. We can now define a
surjective map a: O N A+ — L(b, f). If ¢ € A+, then both ¢ and f are rational
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points in ©; it follows [B or M] that there exists g € G, the rational points of G,
such that Ad*(g)f = ¢. Define a(¢) = a(Ad*(g)f) = (Ad(g)h, Ad*(g)f). Since g
is rational, Ad(g)b is a rational subalgebra of g and ¢ € A+ automatically says
Xade oyl grigiar = 1. Let G(f) = {g € G|Ad*(g)f = f}; since G(f) C H for any
polarization H we see that a is well defined. Since « is a I' equivariant map we can
write the Corwin-Greenleaf formula as follows:

m(m) = ) X c@).

wel(h, f)/AdXT) Q€a(w)

The equivalence of the Howe-Richardson formula and the Corwin-Greenleaf
formula for I a lattice subgroup follows from above once we show

THEOREM 1. With notation as above g ¢ ,-1(,,C(R2) = 1.

Before we begin with the proof of Theorem 1 we need the following lemmas from
[H and C-G].

LEMMA 1. Let I’ C G be a discrete cocompact subgroup of G, suppose Z = center of
g is one-dimensional and let z € log(I') N Z be a generator. Then there exists y € g
such that if W = span of y and z over R, then y and z generate log(I') N W. Let
@, = the centralizer of y in g. Then g, is rational and of codimension 1 in g. g, is the
Kirillov codimension 1 subalgebra [K). There is x € log(T') such that if T\, =T
N exp(g,), then I') and exp(x) generate T'. If L = span over R of x, y, z, then L is a
three-dimensional Heisenberg algebra and exp(x), exp(y), exp(z) generate exp(L) N
I. Finally, there exists a € Z, a # 0, so that [x, y] = az and a is independent of the
choice of x satisfying the above conditions.

DEFINITION 1. Let T" be a discrete torsion-free nilpotent group. A weak Malcev
basis for I is a set {d,...,d,} < I such that:

(i) For any d € T there is a decompositiond = d{" - -- d}», where n, € Z.

(ii) The set T, = dZ - - - dZis a subgroup with I,_, normal in T, fori = 1,2,...,p.

(i) L,/T,_, =Zfori=2,...,p.

DEFINITION 2. Let G be a simply connected nilpotent Lie group. A weak Malcev
basis for G is a set { X;,... ,Xp} C g such that:

() ForX € G3r,€R,i —1,...,p,such that X = y,(1,) - -+ v,(¢,), where y,(¢) =
exp(tX;).

(ii) The set G; = v,(R) - - - v,(R) is a closed subgroup of G with G;_, normal in G,
for each i.

(i) G,/G,_, = R.

Weak Malcev basis is an adaptation of Malcev’s coordinates of the 2nd kind as
necessitated by inducing from nonnormal subgroups in the Kirillov model [Ma]).

If ' € G is a discrete cocompact subgroup of G we say a weak Malcev basis
{X,....X,} of g is subordinate to I' if {exp(X;),...,exp(X,)} is a weak Malcev
basis for I'.
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LEMMA 2. Let T’ be a discrete cocompact subgroup of G; if {d,,....d,} is a weak
Malcev basis for T, then { X, =log(d,)|i =1....,n} is a weak Malcev basis of G
subordinate to T.

LEMMA 3. Let G and T be as above, M C G a closed connected subgroup of G such
that M/M N T is compact. If { X,,...,X,} is a weak Malcev basis of M subordinate to
M N T, then it can be extended to a weak Malcev basis of G subordinate to T,.

LeMMA 4. If T is a lattice subgroup of G and { X,,..., X, } is a weak Malcev basis of
G subordinate to T, then { X,,.... X, } forms a Z basis of A = log(T").

PROOF OF THEOREM 1. We proceed by induction on dim(G). If dim(G) = 1 the
statement is trivial and therefore suppose dim(G) > 1. Let 3 be the center of g; if
dim(ker(f) N 3) > 1 we can divide out the corresponding central subgroup and
proceed to a lower dimensional case. Consequently we can assume dim(3) = 1, and
if x, y, z and g, are as in Lemma 1, then f(z) = A # 0. Note that for f,, f, € O(m),
fi(z) = Ad*()/2(2) = fo(z) = .

We can assume w = I' - (b, f) simply by relabeling. To find ' orbits in 0 N A+
such that a(£2) = w we proceed as follows: The point (H, f) € w has I' N H for its
stability group; consequently I' N H preserves the fiber a }((H, f)) = (f+ b)) N
A+ . A set of representatives for I' orbits in @ N A+ that map into w via « is given
by a set of representatives of ' N H orbitsin (f+ h+) N A+,

As usual, there are two cases we must consider.

Case 1. Suppose h) C g,. Let f be the restriction of f to g,. Then b is a rational
polarization for fand 7 = ind‘;}'(x}) occurs in L*(G,/T),) by the criterion in [C-G or
M], ie., ]e Afcgr Leth*!' = (o€ g¥|lep(x)=0VX e b} and let r: g* - g}
be the restriction map—so r is Ad* equivariant. If L = (f + h*) " A* and L, = (f
+htyn A, thenr|,: L > L, isal N H =T, N H equivariant surjective map.
If S, € L, is asetof ' N H orbit representatives, then (r|,)~!(S,) contains a set of
I’ N H orbit representativesin L, say S. Let¢ € S,9 € (rll‘)“l@), G,(¢) = stability
group of ¢ in G, and G(¢) be the stability group of ¢ in G. Then GI(E) = G(¢)-
{exp(1Y)|t € R}. Consequently a I' N Gl@) orbit in (r|,‘)“($) is the same as a
[N {exp(tY)|t € R} = {exp(nY)|n € Z} orbit in (r|,)"'(¢). An element ¢ €
(r|,,)"(q—>) is determined by its value on x € g. Suppose ¢(x)= b. Then
Ad*(exp(nY))(¢ ) x) = b + nak and we see there are |al|{exp(nY)|n € Z} orbits
in(r[)7M@) _

Let ¢ € (r],) '(¢) for some ¢ € S,. We want to compute C(I" - ¢). To do this we
need a basis X|,...,X, of g such that the Z span is A and X,,..., X span g(¢) over
R. Using Lemmas 3 and 4 we can find a basis X, = z, X, = y,...,X,_, of g, such
that X,...., X,_,span A over Z, X, X,,..., X, span g,(¢), and X,, X3, X,,..., X,
span g(¢) C a,(¢). We have X,, X;,...,X,_, y, x span A over Z and X,, X,..., X,
span g(¢). Using this basis we can compute C(I' o ¢) = C(¢). Recall that C(¢) =
Idet(A(¢))|'/%, where A(¢) = (¢(x; x,)). s <i,j<n. Since [Y,g,]=0, if we
expand A(¢) on that row and column, using ¢([x, y]) = Aa, we get det(A(¢)) =
|}\a|2del(A(<7>)). Consequently, we have C(¢) = |Aa|™" - C(¢) forall ¢ € S,
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By our induction hypothesis ¥5 5C (¢) = 1, so we get

Y ce)= T % C(¢))

s€S s eS, se(r) W(s)ns

5 c<$>( 5 |Aa|")= 5 () -1.

seSs se(r) W (o)ns €S,

Thus Case I is verified.

Case 11. Now suppose b ¢ g, and set h, = h N g, b = span(bh,, Y). Then h C g,
and is a polarization for f. As before, let r: g* — g}’ be the restriction map. Then
r|,+hl : f+ bt —> gF is injective and r(f+ 1) =U p(f+ sy* + b*!). Conse-
quently we have r((f+ b*)NAY)=U,c(f+m* + )N AL. A set S of
[' N H orbit representatives in (f + h*) N A* can be written as Uy < » ), Where
S,isasetof I' N H orbit representatives in (f + by* + p*Hn Af and b € Z. As
before, if ¢ € r}(S,)N A+, then C(¢) = |Aa|"'C(¢), where ¢ = r(¢). Thus we
have

Lcw- T (X co)

$ES 0<h<|Aa|l‘perl(s,)NS
= Y |>\a|"( Y C(E))= Y [|Aa'=1. QED.
0<h<|Aa| s €S, 0<h<|Ac|

COROLLARY 1 (MOORE [M]). m(7) < #{0 N A+ /Ad*(T)}.

PROOEF. By the above proof, C(¢)~! = |)\a|C(<_1>); thus we can reason by induction
to conclude that C(¢) ! is an integer. Q.E.D.

In [R] Richardson constructed a polarization for f such that in the inductive
reasoning one never has Case Il occurring. We note that if ) is a Richardson
polarization, then the above proof shows that the C(2)s are the same for every @
such that a(Q) = w. Since ¥,q,-,C(£) =1, C(2) equals the number of I' N H
orbitsin f + h*+ N A+ . This observation was pointed out to me by Larry Corwin.

2. If 7 is a unitary representation of G on the Hilbert space H(7), we let
H*(m)= {u € H(7m)|q — m(q)u is a C*-mapping}. There is a representation of g,
the Lie algebra of G, on H®(7). If X € g, u € H®(7) define

n(X)u= 2 (m(exp(iX)u))] o

Then X — #(X) is a Lie algebra representation of g, so it extends to a represen-
tation of U(g). Given a € U(g) define a seminorm on H*(x) by p,(u) = ||m(a)u]|.
Then H*(w) has the structure of a Fréchet space with respect to these seminorms
and we let H ~*°(x) be the topological dual of H®(#). For details see [P-1]. We write
7> for the restriction of # to H*(7) and #~* for the dual representation of G on
H ~>=(7). The following is in [P-1].




582 J.S. FOX

THEOREM 2.1 (PENNEY). Let G be a Lie group, I' a discrete cocompact subgroup and
@ an irreducible representation of G. Then

Hom(7,ind§(1)) = Homp(1, 7~=).

If we set I'(n) = {D € H™®(w)|w"*(A)D = D VA € '}, then the above theo-
rem says dim(Hom ;(,ind$(1))) = dim(T'(7)).

When G is a connected simply connected nilpotent Lie group, the lift maps of
Richardson can be viewed as providing a basis of I'(7) [R]. If 7 = ind,(x ), then
H>(m) corresponds to all Schwartz functions on G/H [K] and for each I' orbit in
L(b, f) one can construct an element of I'(7). If (Ad(g)bh, Ad*(g)f) is a point of
L(b, f), then we can construct D, € H™*(w) as follows: For ¢ € H*(w) let
D,(¢) = Eyer/rng,,g-@(yg). The D,’s are linearly independent for g’s in different
I': H double cosets and they span I'(7) [P-2, F].

Now suppose Iy € T is a normal subgroup of finite index and we know the truth
of the Howe-Richardson formula for I,

Let Ly(b, f) be defined using I'; and L(b, /) be defined using I'. Of course
L(b, f) < Ly(b, f), so we will suppose Ly(b, f) is not empty. Let D, € Ty(7) C
H >*(m). Fory €T, ¢ € H*(7) we have

(7==(v)D,)(¢) = Y o(vdg) = > o(8vg).

8Ty /TyNghg™! 8eT,/Tynyghg™ 'y
Thus 7 ~*(y) stabilizes C - D, iff y € T, - (I' N gHg™"), then
7-2(y)D, = x,(87'v ') D, = X ¢y (¥) - D,
(where )_(g_ s extends to a character of I - (I' N gHg™") by being trivial on T}). If we
set W, = span{7~*(y)D,|y € I'}, then we see that 7~ | acting on W, is exactly
indl;-0 (rngrg(Xg.s)- Let S be a set of representatives for I orbits in Ly(b, f), so

given g € S we get (Ad(g)h,Ad*(g)f) or equivalently a D, € H™*(w). From
above we see that the representation 7 ~*| . acting on T'y() is

?S indT, 1 gty ( X s )-
8
Since I'(7) € Iy(7), we have that

nnHom (1, 7°%) =~ @S Homp(1,ind} . 1 n grrg( X 7))
4

~ ?s Homr".(rng,,g—l)(l, xg.f).
g

Thus

: . — 1 if X,. | " = ],
dim{Hom (1, ind¥. . _ _ ={ g-flgHg AT
l ( r( T r sy l)(ng))) 0 otherwise.

Finally those g € S such that x,. ,Ig,,g.. ~r = 1 are parametrized by L(b, f). Thus
we have

PROPOSITION. If Iy C T is a normal subgroup and the Howe-Richardson formula for
T, is known, then the Howe-Richardson formula for T is true.
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REMARK. It is shown in [M or C-G] that for a given I’ it is always possible to find
a normal Ij such that I, is a lattice subgroup.
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